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HYPERBOLIC INVARIANT SETS WITH POSITIVE MEASURES
ZHIHONG XIA
Abstract. In this short paper we prove some results concerning volume-
preserving Anosov diffeomorphisms on compact manifolds. The first theorem
is that if a C1+α, α > 0, volume-preserving diffeomorphism on a compact
connected manifold has a hyperbolic invariant set with positive volume, then
the map is Anosov. This is not necessarily true for C1 maps. The proof uses
a Pugh-Shub type of dynamically defined measure density points, which are
different from the standard Lebesgue density points. We then give a direct
proof of the ergodicity of C1+α volume preserving Anosov diffeomorphisms,
without using the usual Hopf arguments or the Birkhoff ergodic theorem. The
method we introduced also has interesting applications to partially hyperbolic
and non-uniformly hyperbolic systems.
1. Introduction and statement of main results
We consider volume-preserving or symplectic diffeomorphisms on a compact con-
nected Riemannian manifold M . Let Diffrµ(M) be the the set of all C
r diffeomor-
phisms preserving a smooth volume µ on M . If r is not an integer, r = k + α
for some positive integer k and 0 < α < 1, it is understood that the functions in
Diffrµ(M) are C
k functions with α-Ho¨lder k-th derivatives.
An invariant set Λ ⊂M is said to be hyperbolic if there is a continuous splitting
of TxM = E
s
x ⊕ E
u
x for every x ∈ Λ and constants C > 0, λ > 1 such that
dfx(E
s
x) = E
s
f(x) and dfx(E
u
x ) = E
u
f(x)
|dfnx v
s
x| ≤ Cλ
−n|vs|, for all vs ∈ Esx, n ∈ N
|df−nx v
u
x | ≤ Cλ
−n|vu|, for all vu ∈ Eux , n ∈ N
If the whole manifold M is hyperbolic for some f ∈ Diffrµ(M), then f is said to
be Anosov. Not all manifolds can support Anosov diffeomorphisms.
Typical examples of hyperbolic invariant sets are Cantor sets as in Smale’s horse-
shoe map. The following simple proposition explains why this is the case.
Proposition 1.1. Let f ∈ Diffrµ(M), r ≥ 1, be a volume-preserving diffeomorphism
on a compact manifold M . Let Λ ⊂ M be a closed hyperbolic invariant set. If the
interior of Λ is non-empty, then f is Anosov on M and Λ =M .
This proposition and its simple proof, given in the next section, will motivate our
main result of this paper. The proof uses the fact that the recurrent points are dense
on the manifold. This is a consequence of the volume-preserving property. Without
the volume-preserving or the dense recurrent points condition, the proposition is
not true, we refer to Fisher [4] for a counter-example. Fisher also give a proof of
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the above proposition. On the other hand, it is an open problem whether there are
any Anosov diffeomporphisms with wandering domains.
A natural question one asks is whether there is any hyperbolic invariant set
with a positive measure for a volume-preserving non-Anosov diffeomorphism. The
answer is yes for C1 diffeomorphisms, as Bowen’s example of fat horseshoe shows
[3], see also Robinson & Young [8]. However, if the map is assumed to be C1+α for
some α > 0, then the answer is no. This is the main result of this paper.
Theorem 1.2. Let f ∈ Diffrµ(M), r > 1, be a volume preserving diffeomorphism
on a compact manifold M . Let Λ ⊂ M be a closed hyperbolic invariant set. If
µ(Λ) > 0, then f is Anosov on M and Λ =M .
It is not surprising that the map is required to be C1+α. As various examples
show, measure-theoretical properties are often not respected by C1 maps. Addi-
tional smoothness, even though very little, guarantees certain regularities in mea-
sure.
Our proof uses a special type of measure density points different from the
Lebesgue density points. The density basis for our density points are dynami-
cally defined. It is similar to the juliennes defined by Pugh & Shub [6] [7]. But our
case is much simpler.
Our method also provides a direct proof of the ergodicity of C1+α volume-
preserving Anosov diffeomorphisms, without using the Hopf arguments or the Birkhoff
ergodic theorem. However, we do use the absolute continuity of stable and unstable
foliations. This is given in the last section of the paper.
Another result of this paper Lemma 4.1 is of interest in its own right. We
showed that for a C1+α hyperbolic or partially hyperbolic volume-preserving dif-
feomorphism, if a set is invariant, then almost every point of the stable manifold
(or unstable manifold) of almost every point is in the invariant set. This is also
true for non-unifomly hyperbolic invariant set in Pesin theory. This result can find
its applications in various other problems.
We are grateful to M. Viana for pointing out that Theorem 1.2 was also proved,
with a different method, by Bochi and Viana [2]. We are also grateful to F. Ledrap-
pier for showing us another possible proof of Theorem 1.2.
2. Proof of the proposition
In this section, we give a simple proof of the Proposition 1.1.
Let U be the interior of the hyperbolic invariant set Λ. By the assumption of
the proposition, U 6= ∅. Clearly, U is invariant. We want to prove that the closure
of U , U¯ is the whole manifold. We know that U¯ is closed, it suffices to show that
U¯ is also open.
For any x ∈ U¯ , there exists a sequence of points xn ∈ U , n ∈ N, such that
xn → x as n → ∞. As f is volume preserving, by Poincare´ recurrence theorem,
almost every point is both forward and backward recurrent. Moreover, the set of
periodic points is dense in U , since U is hyperbolic. We may choose {xn}n∈N to
be periodic points. Since U is invariant and each xn is an interior point in U , then
W s(xn) and W
u(xn) are in U for all n ∈ N. For each fixed δ > 0 small, let W sδ (x)
and Wuδ (x) be, respectively, the local stable manifold and unstable manifold of x.
As xn → x, as n → ∞, we have that W sδ (xn) → W
s
δ (x) and W
u
δ (xn)→ W
u
δ (x) as
n→∞. This implies that each point on W sδ (x) or on W
u
δ (x) is also in the closure
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of U . Let y ∈ W sδ (x) and z ∈ W
u
δ (x), the same argument shows that W
u
δ (y) and
W sδ (z) are both in the closure of U . Consequently,
Wuδ (y) ∩W
s
δ (z) ∈ U¯ ,
i.e., U¯ has the product structure. This implies that x is in the interior of U¯ .
Consequently, the set U¯ is open. Since U¯ is also closed and M is connected, we
have U¯ =M . i.e., f is hyperbolic on M .
This proves the proposition.
3. Proof of the Theorem
The proof of Theorem 1.2 uses a similar idea to the proof of Proposition 1.1, but
the details are much more complicated. Here the interior points are replaced by
density points. One may regard the density points as measure theoretical interior
points for a set with positive measure.
We need some preliminary results from standard smooth ergodic theory. It is
well-known that the stable and unstable foliations for a C1 Anosov diffeomorphism
may not be absolutely continuous. However, for C1+α diffeomorphisms, these fo-
liations are absolutely continuous (Anosov [1]). Moreover, the stable and unstable
foliations over a hyperbolic (even non-uniformly, cf Pesin [5]) invariant set are also
absolutely continuous for C1+α diffeomorphisms. In fact, the absolute continuity
of the foliations is proved by showing that the holonomy maps of these foliations
are absolutely continuous.
We also need some results on density basis and density points of a measurable
set. Let A ⊂ Rn be a measurable set with the standard Lebesgue measure m. A
point x ∈ Rn is said to be a Lebesgue density point if
lim
ǫ→0
m(B(x, ǫ) ∩ A)
m(B(x, ǫ))
= 1,
where B(x, ǫ) is the ǫ-ball centered at x. Lebesgue density theorem states that
almost every point of A is a density point for A.
To prove our theorem, we need a different definition of density point. The
Lebesgue density point is defined by a basis of ǫ-balls. We replace it by a dynami-
cally defined basis. Let Λ ⊂M be a hyperbolic invariant set, we first define a basis
on the unstable manifold for each point Λ.
For a fixed small real number δ > 0, let Wuδ (x) be the local unstable manifold of
a point x ∈ Λ. Let µu and µs respectively be the induced measures of the smooth
volume form µ on the unstable leaves and stable leaves. Let nu and ns respectively
be the dimensions be the unstable and stable leaves. For any positive integer k, let
Buk (x) be a subset of W
u(x) defined by
Buk (x) = f
−k(Wuδ (f
k(x))).
Clearly, the cubes Buk (x), k ∈ N shrinks to the point x as k → ∞. We call the
collection of the sets {Buk (x) | k ∈ N, x ∈ Λ} the unstable density basis.
Similarly, we can define the stable density basis {Bsk(x) | k ∈ N, x ∈ Λ}, by
defining
Bsk(x) = f
k(Wuδ (f
−k(x))).
The density basis we defined has infinite eccentricity.
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A point x ∈ Λ is said to be a dynamical density point, or simply density point,
on the unstable foliation if
lim
k→∞
µu(B
u
k (x) ∩ Λ)
µu(Buk (x))
= 1.
Similarly, we can define the dynamical density points on the stable foliation.
Proposition 3.1. The set of points on Λ that are both density points on the stable
foliations and unstable foliations has the full measure in Λ.
Our definitions of density points can be regarded as simplified versions of the
juliennes density points defined by Pugh & Shub [6] [7]. The Pugh-Shub density
points are defined by the julienne density basis and they are much more complicated
than what we have here. The above proposition follows from the proof for the
Pugh-Shub’s juliennes density point. The proof itself is similar to the proof of the
Lebesgue Density Theorem. The key properties for the density basis are scaling
and engulfing defined as follows.
(a) Scaling: for any fixed k ≥ 0, m(Bun(x))/m(B
u
n+k(x)) is unformly bounded as
n→∞.
(b) Engulfing: there is a unifom L such that
Bun+L(x) ∩B
u
n+L(y) 6= ∅ ⇒ B
u
n+L(x) ∪B
u
n+L(y) ⊂ B
u
n(x).
These two properties can be easily verified.
We remark that our density points are defined on the stable and unstable folia-
tions, we freely used the fact that the stable and unstable foliations are absolutely
continuous.
Let A be a subset of Λ such that for any x ∈ A, x is a density point of Λ on
both stable foliation and unstable foliation; and x is a recurrent point, both forward
and backward. By Poincare´ recurrence theorem, Proposition 3.1 and the absolute
continuity of the foliations, the set A has the full measure in Λ.
The following is the main lemma in proving our theorem.
Lemma 3.2. Assume that f is a C1+α volume-preserving diffeomorphism, for
some positive number α > 0. Fix x ∈ A and a positive number δ > 0. Then for
any ǫ > 0, there exists a positive integer k0, depending on x and ǫ, such that for
k ≥ k0,
µs(W
s
δ (f
−k(x)) ∩ A) ≥ (1− ǫ)µs(W
s
δ (f
−k(x)))
and
µu(W
u
δ (f
k(x)) ∩ A) ≥ (1− ǫ)µu(W
u
δ (f
k(x)))
i.e., for sufficiently large k, the set A has a very high density in W sδ (f
−k(x)) and
Wuδ (f
k(x)).
Proof of the lemma: We first prove the lemma for the unstable foliation. Let nu
be the dimension of the leaves of the foliation, local unstable manifold Wuδ (x) can
be identified with a cube in Eux = R
nu by the exponential map from Eux to W
u(x).
Since the leaves of the unstable foliation is smooth, the conditional measure µu
are smoothly equivalent to the standard Lebesgue measure m on Rnu . i.e., for any
point x ∈ Λ, there is a smooth function gu(y) defined for y ∈ Wuδ (x) on the local
unstable manifold, uniformly bounded away from zero and infinity, such that
µu(E) =
∫
E
gudm,
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where E is a measurable set in Wuδ (x) and m is the standard Lebesgue measure in
R
nu .
For any positive integer k, we want to estimate the measure of the setWuδ (f
k(x))∩
A. Let Bk0 = f
−k(Wuδ (f
k(x))), obviously Bk0 ⊂ W
u
δ (x). In fact, B
k
0 is the set
Buk (x) in our definition of density basis. We iterate B
k
0 under f and obtain a se-
quence of sets Bki = f
i(Bk0 ), for i = 1, 2, . . . , k. The last set in the sequence is
Bkk =W
u
δ (f
k(x)).
Let ηk = 1 − µu(Bk0 ∩ A)/µu(B
k
0 ), then 0 ≤ ηk ≤ 1. As x is a density point on
the unstable foliation,
lim
k→∞
µu(B
k
0 ∩ A)
µu(Bk0 )
= 1,
The number ηk is small for large k, and limk→∞ ηk = 0. Since f is C
1+α, there
exists a constant C1 > 0 such that ||dfy − dfz|| ≤ C1|y − z|α. Here we abuse the
notation a little by writing |y − z| as the distance between y and z.
Let ρki be the maximum distance from f
i(x) to the boundary of Bki , i.e.,
ρki = max
y∈Bki
{d(f i(x), y)}.
For any y ∈ Bk0 , ||dfy−dfx|| ≤ C1(ρ
k
0)
α. In general, for any y ∈ Bki , ||dfy−dffi(x)|| ≤
C1(ρ
k
i )
α.
Let Ju(y) = | det(dfy|Euy )| be the Jacobian of the map f at y restricted on the
unstable manifold of y. Then |Ju(x) − Ju(y)| ≤ C2|x − y|α, for some positive
constant C2 > 0.
Let D0 = B
k
0\A and Di = B
k
i \A, for i = 1, 2, . . . , k. These are the complements
of A in Bki . By the definition of ηk, µu(D0) = ηkµu(B
k
0 ). We need to estimate the
measure of D1. For any set E ⊂ Bk0 ,
µu(f(E)) =
∫
f(E)
gudm =
∫
E
Ju(gu · f)dm =
∫
E
Ju(gu · f)g
−1
u dµu
Since the functions gu and g
−1
u are smooth on any unstable manifold, the inte-
grand in the above integral is C1+α, there is a constant C3 > 0 such that
|Ju(y)(gu · f)(y)g
−1
u (y)− Ju(x)(gu · f)(x)g
−1
u (x)| ≤ C3|x− y|
α,
for all x ∈ Λ, y ∈Wuδ (x). Therefore,
|µu(f(E))− (Ju(x)(gu · f)(x)g
−1
u (x))µu(E)| ≤ C3(ρ
k
0)
αµu(E).
Consequently,
µu(D1) ≤ (Ju(x)(gu · f)(x)g
−1
u (x))µu(D0) + C3(ρ
k
0)
αµu(D0)
and
µu(B
k
1\D1) ≥ (Ju(x)(gu · f)(x)g
−1
u (x))µu(B
k
0\D0)− C3(ρ
k
0)
αµu(B
k
0\D0)
and therefore
µu(D1) ≤ ηk
(1 + C3(ρ
k
0)
α)
(1− C3(ρk0)
α)
µu(B
k
1 ).
By induction on i, we have
µu(Dk) ≤ ηk
(1 + C3(ρ
k
0)
α)
(1 − C3(ρk0)
α)
(1 + C3(ρ
k
1)
α)
(1− C3(ρk1)
α)
· · ·
(1 + C3(ρ
k
k−1)
α)
(1− C3(ρkk−1)
α)
µu(B
k
k ).
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The map df : TΛM → TΛM uniformly expands vectors on the unstable splitting.
That uniform expansion extends to local unstable manifolds Wuδ (x), x ∈ Λ if δ is
chosen small enough. There exist positive real numbers C4 > C > 0 and λ > λ1 > 1
(here C and λ are the same as those in the definition of the hyperbolic invariant
set) such that ρkk−1 ≤ C4λ
−1
1 δ and ρ
k
i ≤ C4λ
−(k−i)
1 δ, for i = 0, 1, . . . , k − 1. This
implies that
µu(Dk) ≤ ηk
(1 + C3(C4λ
−k
1 δ)
α)
(1 − C3(C4λ
−k
1 δ)
α)
(1 + C3(C4λ
−k+1
1 δ)
α)
(1− C3(C4λ
−k+1
1 δ)
α)
· · ·
(1 + C3(C4λ
−1
1 δ)
α)
(1− C3(C4λ
−1
1 δ)
α)
µu(B
k
k )
< ηkµu(B
k
k )
∞∏
i=1
(1 + C3(C4λ
−i
1 δ)
α)/
∞∏
i=1
(1 − C3(C4λ
−i
1 δ)
α)
Since λ > 1, then λα > 1, the infinite products converge. We have
µu(Dk) < C5ηkµu(B
k
k ).
for some constant C5 > 0.
Choose a positive integer k0 such that for k ≥ k0, ηk < ǫ/C5, then we have
µu(W
u
δ (f
k(x)) ∩ A) ≥ (1 − ǫ)µu(W
u
δ (f
k(x))),
for all k ≥ k0.
This proves the statement of the lemma on the unstable foliation. The part on
the stable foliation can be proved in the same way by considering f−1.
This proves the lemma.
We return to the proof of the theorem. Let E be the closure of A in M . We
claim that if y ∈ E, then W sδ (y) ⊂ E and W
u
δ (y) ⊂ E.
Suppose that this is not true. i.e., there is a point z ∈ Wu(y) and a small ǫ1-
ball around z, B(z, ǫ1) ⊂ M such that B(z, ǫ1) ∩ A = ∅. Consequently, there are
constants ǫ2 > 0, depending on ǫ1, and C6 > 0, independent of ǫ1, such that if
x ∈ Λ, |x− y| ≤ ǫ2, then
µu(W
u
δ (f
k(x)) ∩ A) < (1− C6ǫ
nu
1 )µu(W
u
δ (f
k(x))),
for all k ∈ N.
On the other hand, since y ∈ E, there is a sequence of points xi ∈ A, i ∈ N such
that xi → y and i → ∞. For the above ǫ1, there is positive integer i0 such that if
i ≥ i0, d(xi, y) ≤ ǫ1/3. For any fixed ǫ > 0, by the lemma above and the recurrence
of xi, there is a positive integer k > 0 such that d(xi, f
k(xi)) ≤ ǫ1/3 and
µu(W
u
δ (f
k(xi)) ∩ A) ≥ (1 − ǫ)µu(W
u
δ (f
k(xi))).
Since d(y, fk(xi)) ≤
2ǫ2
3 < ǫ2, choosing ǫ = C6ǫ
nu
1 leads to a contradiction. This
contradiction show that if y ∈ E, then Wuδ (y) ⊂ E. Similarly by considering f
−1,
we have W sδ (y) ⊂ E.
To conclude our proof, for any y ∈ E, Wuδ (y) ⊂ E and
V =
⋃
z∈Wu
δ
(y)
W sδ (z) ⊂ E.
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Since V is hyperbolic, y is in the interior of V . This implies that E is an open set.
But V is also closed and non-empty. The connectness of M implies that E = M .
This implies that f is Anosov.
Finally, the reason that Λ =M in the first place is that f is ergodic, any invariant
set with positive measure must have full measure and its closure must be the whole
manifold.
This proves the theorem.
4. Ergodicity of volume preserving Anosov diffeomorphisms
In this section, we give a direct proof of the ergodicity of C1+α volume-preserving
Anosov diffeomorphisms, without using the usual Hopf arguments or the Birkhoff
ergodic theorem.
We first prove the following lemma.
Lemma 4.1. Let f ∈ Diffrµ(M), r > 1, be a volume preserving diffeomorphism on
a compact manifold M . Let Λ ⊂ M be a hyperbolic invariant set (not neccessarily
closed). If µ(Λ) > 0, then for a.e. x ∈ Λ, W s(x) ⊂ Λ modulus a µs-measure zero
set in W s(x) and Wu(x) ⊂ Λ modulus a µu-measure zero set in Wu(x), where
µs and µu are respectively the induced measures of µ on the stable and unstable
foliations.
Proof: For any fixed positive integer k and positive number η > 0, let Λ(η,k) ⊂ Λ
be the set such that
µu(B
u
i (x) ∩ Λ)
µu(Bui (x))
> (1− η), for all i ≥ k
Since almost every point of Λ is a density point of Λ, for any η > 0,
lim
k→∞
µ(Λ(η,k)) = µ(Λ).
By Poincare´ recurrence theorem, for a.e. x ∈ Λ(η,k), there exists a sequence of
integers ni →∞ such that f−ni(x) ∈ Λ(η,k). By the distortion estimates from the
last section,
µu(W
u
δ (x) ∩ Λ) ≥ (1− C5η)µu(W
u
δ (x)),
where C5 and δ are fixed constants from the last section. Since the above estimate is
independent of k, it must hold for almost all x ∈ ∪∞k=1Λ(η,k). Since µ(∪
∞
k=1Λ(η,k)) =
µ(Λ) for any fixed η > 0, this implies that for a.e. x ∈ Λ,
µu(W
u
δ (x) ∩ Λ) ≥ (1− C5η)µu(W
u
δ (x)).
This is true for all η > 0, therefore, for a.e. x ∈ Λ,
µu(W
u
δ (x) ∩ Λ) = µu(W
u
δ (x)).
This proves the lemma for the unstable foliations. The results on the stable
foliation can be proved in the same way by considering f−1.
This proves the lemma.
Now we can prove the following ergodicity theorem.
Theorem 4.2. Let f ∈ Diffrµ(M), r > 1, be an Anosov volume preserving diffeo-
morphism on a compact manifold M . Then f is ergodic.
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Proof: Let Λ ⊂ M be an invariant set and µ(Λ) > 0. Let Λs ⊂ Λ be the set such
that for each x ∈ Λs, a.e. (µs) y in W sδ (x) is in Λ. The above lemma shows that
µ(Λs) = µ(Λ). Also by the above lemma, for a.e. z ∈ Λ, a.e. (µu) x in Wuδ (z) is in
Λs. By the absolute continuity of the stable and unstable foliations, the set⋃
y∈Wu
δ
(z)
W sδ (y)
has the full measure in the δ neighborhood of z and therefore Λ has the full measure
in a δ neighborhood of z for a.e. z ∈ Λ. This implies that Λ has the full measure
in M . Since Λ is an arbitrary positive measure set, this implies ergodicity.
This proves the theorem.
Finally we remark that Lemma 4.1 is also true for partially hyperbolic invariant
and non-uniformly hyperbolic invariant sets (sets with non-zero Liapunov expo-
nents). The proof is exactly the same.
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